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Abstract
In this paper, we study hypersurfaces f :Mn→Rn+1, n 3, where Mn is a G-cohomogeneity one Riemannian
manifold such that the principal orbits of G are umbilical submanifolds of M . In (Ann. Global Anal. Geom.
13 (1995) 169–184), under the assumptions that n  4 and M is compact, the authors prove that such a
hypersurface must be of revolution. We extend this theorem to the of complete noncompact manifolds, G compact
or noncompact. We also study the case n= 3.
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1. Introduction
Let Mn be a complete n-dimensional Riemannian manifold, and G⊂ Iso(M) be a connected closed
subgroup of Iso(M), the group of the isometries of M . We recall that M is of G-cohomogeneity one if
the principal orbits of the action of G on M have codimension one.
In this paper we are interested in the cohomogeneity one hypersurfaces in Euclidean spaces, that
is, isometric immersions f :Mn → Rn+1, n  3, where Mn is a complete n-dimensional Riemannian
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of the Euclidean spaces, that is, isometric immersions f :M → Rn+1 such that f (M) is invariant by the
action of the subgroup SOl(n)⊂ Iso(Rn+1), which fixes a given straight line l. In [15] the authors obtain
the following characterization of hypersurfaces of revolution.
Theorem 1.1 (Podestà-Spiro). Let f :Mn → Rn+1, n  4, be a compact hypersurface of G-cohomo-
geneity one. If the principal orbits of G are umbilical submanifolds of M , then f is a hypersurface of
revolution, and the principal orbits are mapped onto the SOl(n)-orbits.
Remark 1.2. There are many cohomogeneity one actions on the Euclidean sphere Sn ⊂ Rn+1 whose
principal orbits are not umbilical (cf. [5]), the simplest one being the action of G= SO(k)× SO(n− k+
1)⊂ Iso(Rn+1). But Sn certainly is a hypersurface of revolution, which shows that the condition on the
principal orbits in Theorem 1.1 is not necessary. However, it is possible to show (see [10]) that this is the
only example, that is, if M is of G-cohomogeneity one, f (M) is of revolution and f is not umbilical,
then the principal G-orbits are mapped by f onto the SOl(n)-orbits.
Still in this direction we have the following result (see [2]), which, via Theorem 1.1, implies that the
hypersurface f is of revolution.
Theorem 1.3 (Asperti–Mercuri–Noronha). Let f :Mn → Rn+1, n  4, be a compact hypersurface of
G-cohomogeneity one. If the principal orbits of G have constant curvature, then they are umbilical
submanifolds of M .
Theorem 1.1 does not hold true if the manifold M is just complete, even if G is compact, as the
example of cylindrical immersion of Rn into Rn+1 shows. Now, if we ask unflatness, Fig. 1 below shows
that Theorem 1.1 is still not true.
We observe that this construction is only possible because the connected component of the flat part of
M is not bounded, which allows to deform it to a cylinder over a plane curve. This example motivates
the following definition, which will enable us to extend Theorem 1.1 to the noncompact case.
Definition 1.4. Given a complete G-cohomogeneity one manifold M , let λ be a unit speed normal
geodesic of M (see Fact 2.4 below) and let P be the flat part of M , that is,
P = {p ∈M; Rp(X,Y )Z= 0, ∀ X,Y,Z ∈ TpM},
Fig. 1. A hypersurface of SO(n)-cohomogeneity 1.
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component of P is contained in
(∗)G(λ([s0, s1]))= {x ∈M; x = g(λ(s)), g ∈G, s ∈ [s0, s1]},
for some s0, s1 ∈ R. A cohomogeneity one hypersurface f :Mn →Rn+1 is said unflat at infinity if M is.
Remark 1.5. All compact G-cohomogeneity one hypersurface f :M → Rn+1 is automatically unflat at
infinity, since there exists always a point p ∈M where the sectional curvatures of M are positive. Note
also that if M is a nonflat, complete and noncompact G-cohomogeneity one manifold with G compact,
the above condition on the connected components of P is equivalent to the fact that such components are
bounded. It is interesting to observe that the manifold S1 ×Rn−1, G=Rn−1 acting by translations on the
second factor, verifies (∗) but it is flat, so it is not unflat at infinity.
Now we can enunciate our main theorem for G compact, which extends Theorem 1.1 to the case of
complete and noncompact manifold and dimension greater than or equal to 3.
Theorem 1.6. Let f :Mn → Rn+1, n  3, be a complete hypersurface of G-cohomogeneity one, unflat
at infinity. If G is compact and the principal orbits of G are umbilical submanifolds of M , then f is a
hypersurface of revolution.
With respect to Theorem 1.3, we have the following extension.
Theorem 1.7. Let f :Mn → Rn+1, n  3, be a complete hypersurface of G-cohomogeneity one, unflat
at infinity. If G is compact and the principal orbits of G have constant positive curvature, then f is a
hypersurface of revolution.
In the last theorem, the condition of positivity on the curvature of the principal orbits is used only
when n = 3. Indeed, when n  4 it is a necessary condition, according to a theorem of Chern–Kuiper
(see [6]) applied to the restriction of f to some principal orbits.
Without the assumption of unflatness at infinity, we have the following result.
Theorem 1.8. Let f :Mn → Rn+1, n  3, be a complete hypersurface of G-cohomogeneity one, G
compact. If the principal orbits of G are umbilical submanifolds of M , then M is a conformally flat
manifold.
Now, if G is closed and noncompact, we have the following results.
Theorem 1.9. Let f :Mn → Rn+1, n  4, be a complete hypersurface of G-cohomogeneity one, unflat
at infinity. If G is closed and noncompact and the principal orbits of G are umbilical submanifolds of M ,
then
(i) the principal orbits are isometric to Rn−k−1 × Sk , k  2;
(ii) M is isometric to Rn−k × Sk , and f (X,Y ) = (X,f1(Y )), where f1 :Sk → Rk+1 is an isometric
embedding.
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R
4 with G closed, noncompact and with principal orbits umbilical in M .
We thank the referee whose suggestions led to an improvement of the original version of the paper.
2. Notations and basic facts
We start this section recalling some basic facts from the theory of transformation groups, which will
be used in this work. The main references are [1,3,11,14]. Let Mn be a complete connected Riemannian
manifold of G-cohomogeneity one, Ω =M/G the orbit space and π :M → Ω the quotient map. We
have the following facts.
Fact 2.1. All orbits, except at most two, are principal, that is, have isotropy subgroups in the (unique)
minimal conjugacy class. In particular, they are pairwise diffeomorphic. The regular part of M , that is,
the union of the principal orbits, denoted by Mreg, is open and dense in M . In addition, if the principal
orbits are connected, Mreg is connected.
Fact 2.2. A nonprincipal orbit can be either singular, that is, of dimension less than n− 1, or exceptional
in which case it is a two fold quotient of a principal orbit.
Fact 2.3. Ω =M/G is diffeomorphic to one of (i) S1, (ii) (0,1), (iii) [0,1), or (iv) [0,1]. In the cases
(i) and (ii), M = Mreg = Σ × Ω . In (iii), M is not compact and there exists only one nonprincipal
orbit, namely π−1(0). In (iv), M is compact, π(Mreg) = (0,1) and there exist two nonprincipal orbits:
E1 = π−1(0) and E2 = π−1(1).
Fact 2.4. Let p ∈Mreg and λ :R→M be a complete geodesic with λ(0)= p and λ′(0) orthogonal to the
orbit Σp =G(p). Then:
(i) λ crosses all orbit orthogonally and is called a normal geodesic;
(ii) given p ∈Mreg, there is ε > 0, such that
Φ : (−ε, ε)×Σp →Mreg,(
t, g(p)
) →Φ(t, g(p))= g(λ(t))
is a well defined G-equivariant diffeomorphism onto its image Γp , which we will call a tube around
Σp. In particular, if M is orientable, then the principal orbits are orientable.
Let f :Mn → Nn+k be an isometric immersion. We denote by ∇ and ∇ the Riemannian connection
of M and N , respectively, and by α = ∇ − ∇ the second fundamental form. If ξ is a normal vector at
p ∈M , we will denote by Aξ the shape operator (also called the Weingarten operator) in the direction ξ ,
which is defined by the identity:〈
Aξ (X),Y
〉= 〈α(X,Y ), ξ 〉, X,Y ∈ TM.
We recall that f is said to be rigid if given any other isometric immersion f¯ :M →N , there exists an
isometry F ∈ Iso(N) such that f¯ = F ◦ f . Now if ξ is a nonzero normal vector at p to a hypersurface
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following fact is a classical result due Beez and Killing:
Fact 2.5. Let Nn+1(c) be a space of constant curvature c and f :Mn → Nn+1(c) be a hypersurface. If
τf (p) 3, for all p ∈M , then f is rigid.
Fact 2.6. Let G be a closed subgroup of Iso(M) and f :M → Nn+1(c) is an hypersurface. Let
Σp =G(p) be the orbit of G containing p. It follows from the Gauss equation that:
(i) if τf (p) 2, then τf is constant along Σp;
(ii) if τf (p) 1, then τf  1 along Σp .
There exists a very close relationship between warped products and the regular part of a G-co-
homogeneity one manifold with umbilical principal orbits. The following proposition describes this
relationship. A local version of this proposition may be found in [15] and its proof uses a result due
to S. Hiepko [8], which characterizes warped products. The proof we are going to present here does not
depend on that theorem.
Proposition 2.7. Let Mn be a manifold of G-cohomogeneity one, p, λ and Φ as in Fact 2.4. Suppose
that the principal orbits Σλ(t) = G(λ(t)) are umbilical in M . Then the shape operator of the inclusion
Σλ(t) ⊂Mn in the direction λ′(t) is of the form k(λ(t))Id, where k :Mreg → R is constant along each
principal orbit. The metric induced on (−ε, ε) × Σp by the diffeomorphism Φ is a warped product
metric, that is, a metric of the form ds2 = dt2 + φ(t)dσ 2, where dσ 2 is the metric (induced from M) in
Σp and
(†)φ(t)= e−
∫ t
0 k¯(u) du,
where k¯(t)= k(λ(t)). In other words, the tube around Σp, given by Γp =Φ(I ×Σp), is isometric to the
warped product I ×φ Σp, according to [13]. Note, in particular, that the principal orbits are pairwise
homothetic.
Proof. Let η be the vector field on Γ = Γp defined by η(y) = dgλ(t)(λ′(t)), where y = g(λ(t)), g ∈G
and −ε < t < ε. It is not hard to see that η is a well-defined unit tangent vector field on Γ , for S is a
slice. Furthermore, η(y) is perpendicular to Σλ(t) at y, because G⊂ Iso(M). Now, if Aη(y) :Ty(Σλ(t))→
Ty(Σλ(t)) is the Weingarten operator of the inclusion Σλ(t) ⊂M , the umbilicality condition means that
Aη(y) = k(t)Id, where Id is the identity map of Ty(Σλ(t)) and k is a differentiable real function on (−ε, ε).
The map
Φ : (−ε, ε)×φ Σp → Γ,(
t, g(p)
) →Φ(t, g(p))= g(λ(t))
is a diffeomorphism, by Fact 2.4. We will prove that it is an isometry.
Put x = g(λ(0)) = g(p) ∈ Σp and let v ∈ Tx(Σp) be a unit tangent vector. The vertical lift of v,
V = (0, v), at (t, x), is such that ‖V ‖2 = φ2(t). Let X be a Killing vector field on M with X(x)= v,
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X(q)= d
ds
(
exp(sξ)(q)
)∣∣∣∣
s=0
, q ∈M,
where exp is the exponential map of the Lie group G and ξ ∈ g (g the Lie algebra of G). Since
exp(sξ) ∈G, it follows that X(q) is a tangent vector to orbit trough q.
We have dΦ(t,x)(V ) = (Φ ◦ β)′(0), where β(s) = (t, exp(sξ)(x)), for β(0)= (t, x) and β ′(0)= V .
Hence
dΦ(t,x)(V )= dds
(
exp(sξ)
(
g
(
λ(t)
)))∣∣∣∣
s=0
=X(g(λ(t))).
Now, for ψ(t) = 〈X(y),X(y)〉, y = g(λ(t)), we obtain from the above calculation that ψ(t) =
‖dΦ(t,x)(V )‖2 and
k(t)ψ(t)= 〈k(t)X(y),X(y)〉= 〈Aη(y)(X(y)),X(y)〉
=−〈∇Xη,X〉(y)= 〈η,∇XX〉(y),
where, in the last equality, we used the fact that 〈η,X〉 = 0. Since X is a Killing field, we get
∇XX =−gradh, where 2h(x)= 〈X,X〉(x), x ∈M . Thus
k(t)ψ(t)=−〈η,gradh〉 = −dhy
(
η(y)
)
=−(h(g(λ(t))))′ = −1
2
〈
X
(
g
(
λ(t)
))
,X
(
g
(
λ(t)
))〉′
= −1
2
ψ ′(t).
So, ψ is the solution of the differential equation ψ ′(t) + 2k(t)ψ(t) = 0, with the initial condition
ψ(0)= ‖v‖2 = 1, that is,
ψ(t)= e−2
∫ t
0 k(u) du= φ2(t).
Hence ‖dΦ(t,x)(V )‖2 = ‖X(g(λ(t)))‖2 =ψ(t)= φ2(t)= ‖V ‖2.
On the other hand, if ∂
∂t
= ( ∂
∂t
,0) is the horizontal lift of ∂
∂t
, then
dΦ(t,x)
(
∂
∂t
)
= dgλ(t)
(
λ′(t)
)= η(Φ(t, x))
is unit and orthogonal to dΦ(t,x)(V ). Thus∥∥∥∥dΦ(t,x)
(
∂
∂t
, v
)∥∥∥∥
2
= 1+ φ2(t)=
∥∥∥∥
(
∂
∂t
, v
)∥∥∥∥
2
,
which ends the proof. ✷
The following lemma is due to Podestà and Spiro (see Lemma 3.8 in [15]).
Lemma 2.8. Let I ⊆R be an open interval, F a (n−1)-dimensional Riemannian manifold and φ : I →R
a smooth positive function. Let f : I ×φ F →Rn+1 be an isometric immersion with Weingarten operator
A. Fixed p ∈M , we have:
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∂t
to TpM ;
(ii) if τf (p)= 2, then µ= 0;
(iii) if n 4 and F has constant curvature, then τf (p) = 2.
Remark 2.9. The item (ii) in the above lemma is not explicitly stated in Lemma 3.8 of [15], but it follows
from its proof.
Let f , Mn = I ×φ F , F and η be as in the above lemma. Then η is a normal unit vector field to the
fibers Ft = {t} × F , t ∈ I . We will denote by Aη the Weingarten operator of the inclusions Ft ⊂M ,
and by Aη¯ the Weingarten operator of the restriction of f to Ft in the direction η¯ = df (η). Note that
Aη(V ) = k¯(t)V , V ∈ T Ft , where k¯ satisfies (†). Now, let ξ be a normal unit field along f , and Aξ its
respective Weingarten operator. Since ξ is also normal to Ft , we will indicate by ξ¯ its restriction to this
fiber and by Aξ¯ the respective shape operator. We can state now the following corollary, which links the
operators above and plays an important role in the study of warped products in codimension one.
Corollary 2.10. If p = (t, b) ∈Mn = I ×φ F is such that τf (p) 2, then
(i) Aη¯ =Aη = k¯(t)Id, where Id is the identity map of T(Ft );
(ii) η¯ is parallel relatively to the normal connection of the immersion f :Ft →Rn+1, that is, ∇⊥X η¯= 0;
(iii) Aξ¯ coincides with the restriction of Aξ to T(Ft );
(iv) if k¯(t)= 0, then f (Ft ) is contained in a hyperplane H of Rn+1, and the immersion f :Ft →H has
Aξ¯ as its Weingarten operator;
(v) if k¯(t) = 0, then there exists a sphere Sn(p0, r), centered at p0 and of radius r = 1/|k¯(t)|, such that
the restriction f :Ft → Sn(p0, r) is well-defined and Aξ¯ is its Weingarten operator.
Proof. Given a tangent vector field X on Ft , the Weingarten equation for the immersion f :Ft →Rn+1,
applied to X and η¯, yields ∇Xη¯ = ∇⊥X η¯ − Aη¯(X). On the other hand, the Gauss equation for f :M →
R
n+1 and (i) of Lemma 2.8 imply that ∇Xη¯=∇Xη. Hence,
∇⊥X η¯−Aη¯(X)=∇Xη¯=−Aη(X)=−k¯(0)X,
which at once proves (i) and (ii). Since〈
Aξ¯ (X),Y
〉= 〈Aξ(X),Y 〉, X,Y ∈ T Ft,
and T(Ft ) is invariant under Aξ , we get (iii). Suppose, now, that k¯(t)= 0. From (i), it follows that Aη¯ = 0,
which, together with the parallelism of η¯, implies that η¯ is a constant vector of Rn+1. Hence f (Ft ) is
contained in a perpendicular hyperplane to η¯. To prove (iv), define h :Ft →Rn+1 to be
h(x)= f (x)+ 1
k¯(t)
η¯(x).
It is easy to see that h is constant. Set h(x)= p0, x ∈ Ft . Then f (Ft) is contained in the sphere Sn(p0, r),
of radius r = 1/|k¯(t)| and center
(††)p0 = f (x)+ 1¯ η¯(x), x ∈ Ft .k(t)
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immersion f :Ft → Sn(p0, r), and Aξ¯ is its Weingarten operator. ✷
3. The case of the compact group, n 4
Let f :Mn → Rn+1, n  4, be a complete hypersurface of G-cohomogeneity one, unflat at infinity.
Suppose that G is compact and its principal orbits are umbilical in M . In order to prove Theorem 1.6, we
start with a special case.
Proposition 3.1. If there exists a principal orbit Σ with constant curvature, then f is a hypersurface of
revolution.
Before proving this proposition, we will state two facts which are contained in [15], Lemma 3.5 and
arguments on pp. 181–183. In both facts G is assumed compact.
Fact 3.2. Let f :Mn → Rn+1, n 3, be a rigid hypersurface of G-cohomogeneity one. If the principal
orbits have positive curvature, then f is of revolution.
Fact 3.3. Let f :Mn → Rn+1, n  3, be a hypersurface of G-cohomogeneity one with principal orbits
of constant curvature, and let Γ be a maximal open flat tube in Mreg. If Γ is bounded, then f embeds
Γ either as a totally geodesic annulus or a totally geodesic punctured disk. Furthermore, f |Γ is of
revolution.
Proof of Proposition 3.1. The proof is really analogous to the one for compact manifolds [15]. We will
sketch it to observe where the unflatness at infinity play its role. First observe that all orbits have constant
curvature, since they are homothetic (see Proposition 2.7). Indeed, they have constant positive curvature,
which results from Chern–Kuiper theorem [6] because they are compact submanifolds of codimension
two and n 4. Hence Lemma 2.8 implies that τf (p) 3 or τf (p) 1, for all p ∈Mreg. Given p ∈Mreg,
let Γp denote a sufficiently small tube around the principal orbit Σp = G(p) and λ : I →M a normal
geodesic defined on a maximal interval I where λ is injective. Define
R= {t ∈ I : λ(t) ∈Mreg, ∃Γλ(t) ⊃Σλ(t) and f |Γλ(t) :Γλ(t)→Rn+1 is of revolution}.
We claim that R is open and dense in I . In fact, if τf (λ(t))  3, so it is in a small tube, Γλ(t), around
Σλ(t). Then f |Γλ(t) is rigid and thus f |Γλ(t) is of revolution, according to Fact 3.2. Let now t be a point in
the interior of the set
X= {s ∈ I : τf (λ(s)) 1},
and J a connected component of X containing t . Since M is unflat at infinity and G(J ) is flat, J must
be a bounded interval (see Remark 1.5). At this point, we use Fact 3.3 to conclude that f |(G(J )) is of
revolution, which proves the claim.
The density of R now implies that f embeds each regular orbit into a hyperplane of Rn+1. Consider
now the function n : I →RPn, defined by
n(t)= [normal to the hyperplane containing the sphere f (Σλ(t))].
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n is constant in I . In the same way, we see that the curve c : I → Rn+1, which sends t into the center of
the sphere f (Σλ(t)), is a straight line. At this point is not difficult to conclude that f is an hypersurface
of revolution. ✷
Proof of Theorem 1.6. n  4. According to Proposition 3.1, it suffices to prove that there exists a
principal orbit of constant curvature. Note that in the compact case the existence of such an orbit is
consequence of the existence of a point of positive curvature.
Let us suppose that there exists p ∈Mreg with τf (p) 1. Then M is flat along the orbit Σp and the
Gauss equation implies that Σp has constant curvature k(p)2. It results thus from Proposition 3.1 that f
is of revolution.
Suppose, now, that τf  2 on Mreg, and there is a principal orbit with nonconstant curvature
(and, hence, all of them have this property). We will get a contradiction to our hypotheses. Let µ,
λ1, λ2, . . . , λn−1 be the eigenvalues of Aξ : Aξ(η)= µη and Aξ (Xi)= λi Xi , where Xi , i = 1,2, . . . , n−
1, are tangent to Σp. Let Γp be a small tube around Σp (Proposition 2.7). The Gauss equation, together
with the fact that the sectional curvatures of Γp , K(η,X), do not depend on X, if X is tangent to Σp,
yields that µλi = µλj , for i = 1,2, . . . , n − 1. Therefore, µ = 0, since the contrary would imply that
Σp is umbilical in some hyperplane, which would imply that Σp has constant curvature. Therefore,
µ= 0 along the whole Mreg. This implies that, β(t)= f (λ(t)) is a straight line in Rn+1, for each normal
geodesic λ in M . Since Σp is compact and homogenous, it follows from Kobayashi’s theorem (see [9])
that Σp does not immerse into a hyperplane. Hence it must immerse into a n-sphere of center given in
(††) of the proof of Corollary 2.10. So f is a cone over Σp, which is not possible, for M is complete and
unflat at infinity. Hence, in any case, there exist always constant curvature principal orbits, which ends
the proof. ✷
Proof of Theorem 1.8. From proof of Theorem 1.6, we get that either M is flat, and thus conformally
flat, or the principal orbits have constant curvature. Note that when n = 3, the principal orbits always
have constant curvature, since they are bidimensional and homogenous. Hence, if M is not flat, Mreg is
locally isometric to I ×φ Σ , where Σ has constant curvature. Since this warped product is conformally
flat, it follows that M is conformally flat. ✷
4. The case of the compact group, n= 3
There are two little differences between the cases n 4 and n= 3. If n= 3, we cannot use the Chern–
Kuiper theorem and also we can have points where τf equals 2, even if the principal orbits have constant
curvature (see Lemma 2.8(iii)). In what follows, we use the same notation as in the previous sections.
The main idea used in the case n 4 was to verify that the tubes where τf  3 and the flat tubes are
of revolution. It is clear that these facts are also true here. Therefore, we are left with the type number 2
tubes. Next, we will see that these tubes are of revolution. From this, we glue together the rigid tubes
(τf = 3), the flat tubes (τf  1) and the type number 2 tubes, and we conclude that f is of revolution.
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of G are umbilical submanifolds of M , p ∈ Mreg is such that τf (p)= 2 and the orbit Σp =G(p) is
isometric to a sphere, then:
(i) f (Σp) is a sphere in some hyperplane of R4;
(ii) the Weingarten operator of f , along Σp , relatively to a orthonormal basis containing η, has matrix
given by
(†††)Aξ =

 0 0 00 λ1 0
0 0 λ1

 ,
where λ1 is constant along Σp.
Proof. From Lemma 2.8, it follows that Aξ(η)= 0. Hence the rank of Aξ is attained along Σp. If k(p),
the eigenvalue of Aη, is zero, Corollary 2.10 and Kobayashi theorem yield that f (Σp) is a sphere in a
hyperplane H perpendicular to η¯. This implies that ξ¯ is an umbilical direction of f :Σp →H, and the
matrix of Aξ is as in (†††). If that k(p) = 0, we use again Corollary 2.10 to obtain a 3-sphere, say S3, such
that f :Σp → S3 is well-defined and has Weingarten operator Aξ¯ , which has rank 2, since Aξ(η)= 0. So
the matrix of Aξ¯ becomes
Aξ¯ =
(
λ1 0
0 λ2
)
,
where λ1λ2 is a positive constant. In fact, if λ1λ2 < 0, then λ1 = λ2 along Σp . This would imply the
existence of two differentiable line fields along Σp, which is not possible, because Σp is isometric to a
2-sphere. Hence λ1λ2 > 0. From Theorem 39, p. 136 of [17], we get that λ1 = λ2. Hence λ1 is constant
and f :Σp → S3 is umbilical. ✷
Proposition 4.2. Let f :M3 → R4 be a hypersurface of G-co homogeneity one. Suppose that the
principal orbits of G are umbilical in M and that p ∈Mreg is such that Σp is isometric to a sphere.
If Γ ⊂Mreg is an open connected tube around Σp along which τf = 2, then the restriction of f to Γ is
of revolution.
Proof. Let ξ be a normal field along f :Γ → R4. Applying Proposition 4.1 to each principal orbit
contained in Γ , we conclude that Aξ is as (†††) along Γ . We may use a theorem due to M.P. do Carmo,
and M. Dajczer (see [7, Theorem 4.2]) to obtain the proposition. (Actually, in this case, we get that f (Γ )
is either a piece of a right circular cone or a piece of a right circular cylinder.) ✷
Now we can state the analogous of Proposition 3.1 for n= 3.
Proposition 4.3. Let f :M3 →R4 be a complete hypersurface of G-cohomogeneity one, unflat at infinity.
If the principal orbits of G are umbilical submanifolds of M and some of them is isometric to a sphere,
then f is of revolution.
Proof. LetR⊂ I be as in the proof of Proposition 3.1. Since the type number 2 tubes are of revolution, it
follows, just as in the proof of Proposition 3.1, thatR is a open dense set of I . Now the result follows. ✷
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orbit isometric to a sphere. Suppose, at first, that there exists p ∈ Mreg, where τf (p) = 3. Then the
eigenvalue µ of Aξ is nonzero. This implies that Σp is umbilical either in a hyperplane or in a 3-sphere.
In any case, Σp is isometric to a 2-sphere and f is of revolution.
Suppose, now, that τf  2 on Mreg. Since M is unflat at infinity, there exits a point p ∈Mreg such that
τf (p)= 2. Really, in this case, τf must be equal to 2 along the whole Mreg. In fact, since τf increases
near p and there are no points with type number 3, it results that there exists a tube Γp ⊃Σp where
τf = 2. Let λ :R→M be a normal geodesic with λ(0)= p. We have that, for some ε > 0,
Γp =
{
g
(
λ(t)
); g ∈G, −ε < t < ε}
and, on this tube, Aξ(λ′)= 0 (remember, Aξ(η)= 0). Therefore, λ : (−ε, ε)→ Γp is a geodesic in a leaf
(λ itself is such a leaf) of the relative nullity distribution that has relative nullity index equal to 1 on
Γp . Using Chern–Lashof’s Lemma (see [4] or [6]), we get that τf (λ(−ε))= τf (λ(ε))= 2. Hence τf is
equal to 2 along Mreg, as we said. Therefore, µ= 0 on Mreg and this implies that the normal geodesics
of M are straight lines in R4. Hence the principal orbits are totally geodesic in M and, thus, they are
isometric to a 2-spheres. (Really, when τf = 2, M is isometric to R× S2(r), for some r > 0, that is, M
is a right circular cylinder.) ✷
Proof of Theorem 1.7. We suppose that n= 3. (The proof for n 4 is the same as that in [2].) Let Σ be
a principal orbit of G. Then Σ is isometric either to a sphere, say S2, or to RP2. Suppose that Σ = S2.
Let η be a normal unit field of Σ ⊂M and Aη its Weingarten operator. We have that the eigenvalues of
Aη are constant. If Σ is not umbilical in M , we can construct on Σ = S2 two differentiable line fields,
which is not possible. Hence Σ is umbilical. If Σ = RP2 is not umbilical, we obtain again the same
contradiction, because a line field on RP2 may be lifted to S2. Finally, we observe that we have not used
the fact that M is immersed into R4. ✷
5. The case of the closed and noncompact group
Now, we are going to study the complete G-cohomogeneity one hypersurfaces unflat at infinity such
that the group G is closed and noncompact. We start by stating a fact on immersions between constant
curvature spaces.
Proposition 5.1. Let f :Mn(c)→ Nn+1(c¯), n  3, be an isometric immersion between manifolds M
and N of constant curvature c and c¯, respectively. If τf  2 on whole M , then c > c¯ and f is umbilical
nontotally geodesic.
Proof. Let λ1, λ2, . . . , λn the eigenvalues of the of the Weingarten operator of f . Since τf  2, we may
suppose that λ1λ2 = 0. From Gauss equation, we get that c = c¯ + λiλj , for i = j and i, j  1. Hence
λ1λ2 = λ1λi , for i  2 and, thus, λi = λ2, for all i  2. From λ1λ2 = λ2λ3, we get that λ2 = λ1. Therefore,
f is umbilical and c− c¯= λ21 > 0. ✷
Proof of Theorem 1.9. We suppose at first that the principal orbits have constant curvature. Let Σp be a
principal orbit along which τf  3. This orbit exists because M is unflat at infinity. From Corollary 2.10,
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or a n-sphere. Proposition 5.1 now gives that the curvature of Σp is positive. From Bonnet–Myers’s
theorem it results that Σp is compact. We know that Σp is homeomorphic to quotient space G/Gp,
where Gp is the isotropy subgroup at p. Since G is closed, we get that Gp is compact. Hence, G itself is
compact, which contradicts our hypothesis on G. This contradiction tells us that the principal orbits do
not have constant curvature.
Since the principal orbits have nonconstant curvature, we get that τf  2 (see the argument used in
the proof of Theorem 1.6, n 4). Let Γp = (−ε, ε)×φ Σp, Aξ , Aξ¯ , Aη and Aη¯ be as we have used so far.
Then, at x = (t, g(p)) ∈ Γp , we have that Aξ (η)= µη and Aξ (Xi)= λi Xi, i = 1,2, . . . , n− 1, where
{X1,X2, . . . ,Xn−1} is an orthonormal basis of Tx(t×Σp)= TxΣλ(t), where λ is a normal geodesic of M .
Now, since Σp cannot be umbilical in Rn+1, it follows that µ= 0 on Γp. Since p ∈Mreg is arbitrary, we
get that the eigenvalue µ of Aξ is zero on Mreg and, thus, the normal geodesics of M are straight lines in
R
n+1
. This implies that none of the principal orbits can immerse into a n-sphere. Hence all of them are
totally geodesic in M and immerse, via f , into parallel hyperplanes which are perpendicular to the unit
constant vector
v0 = η¯= df (η)= df (λ′).
Moreover, such immersions have type number greater than or equal to 2. Now we apply the Nagano–
Takahashi’s theorem (see [12,16,18]) to each principal orbit, and we find that they are isometric to
R
n−k−1 × Sk(r), where r > 0 and k = τf are constant along Mreg. Now we have that each tube Γp is
really a Riemannian product. In fact, since the eigenvalue of the Aη vanishes on Γp, it follows that φ, the
warping function of Γp (see (†), Proposition 2.7), is constant and equal to 1.
Now we will look at the nonprincipal orbits. Since the principal orbits immerse into hyperplanes that
are perpendiculars to v0, each of these orbits, if it exists, also immerses in such a hyperplane. Observe,
initially, that there is no exceptional orbit. In effect, let E be such an orbit. Since Σp =Rn−k−1 × Sk(r)
is a two-fold covering of E , it follows that Σp is the universal covering of E . This implies that E cannot
be flat. Hence E is an hypersurface of type number greater than one. Now the homogeneity of E implies,
again by using Nagano–Takahashi’s theorem, that E is isometric to a Riemannian product of an Euclidean
space of by a sphere of dimension at least 2. In particular, E is simply connected, which is an absurd.
We claim that there are no singular orbits. In fact, let q ∈M be a singular point. Hence there exist two
normal geodesics, say λ and γ , such that λ(0) = γ (0) = q and such that the vectors λ′(0), γ ′(0) are
linearly independent. But this is not possible, because dfq(λ′(0)) and dfq(γ ′(0)) must be parallel to v0.
Therefore, the nonregular part of M is empty, that is, M =Mreg. Hence M is isometric to
R×Σp =R×
(
R
n−k−1 × Sk(r))=Rn−k × Sk(r),
where Σp is a fixed principal orbit. It remains to verify that f splits. But this is clear, since α(X,Y )= 0,
for X ∈ TRn−k and Y ∈ T Sk(r), where α is the second fundamental form of M . This property of α is a
sufficient condition for splitting f , according to a theorem of J.D. Moore (see [6]). ✷
Remark 5.2. Another way of splitting M , without going through the nonregular orbits of M , is as follows.
From the fact that the principal orbits are isometric to Rn−k−1 × Sk(r), we get that, along each principal
orbit, Aξ is a diagonal matrix with two eigenvalues, namely, the eigenvalue 0 whose multiplicity is n− k,
and the eigenvalue 1/r , which has multiplicity k = τf  2. Since r is the same for all regular orbits, it
follows that Aξ does not change in the nonregular part, if it exists. Therefore, there exist only two distinct
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particular, M =Mreg.
Proof of Theorem 1.10. Let f :M3 → R4 be a complete hypersurface of G-cohomogeneity one, unflat
at infinity. Suppose that G is closed and noncompact. Denote by µ, λ1 and λ2 the eigenvalues of Aξ .
Suppose that there exists p ∈Mreg such that τf (p)= 3. Hence, at p, the equation µλ1 = µλ2 yields that
λ1 = λ2 and, thus, Σp is isometric to a sphere. This implies that G is compact. So, we must have that
τf  2 on Mreg. Suppose, now, that there exists q ∈Mreg such that τf (q)= 2. Hence, just as in the proof
of Theorem 1.6 for n= 3, we get that τf is two on Mreg. This implies that the normal geodesic of M are
straight lines inR4 and the principal orbits immerse, with type number 2, into parallel hyperplanes. Hence
G is again compact. It results, therefore, that cannot exist such a f , since M is nonflat and complete. ✷
6. Examples
The objective of this section is to construct some hypersurfaces of G-cohomogeneity one of the
Euclidean space, which, in particular, will work as counterexamples to some of our results, if we weaken
its hypotheses.
Example 6.1. Let F :Σn−1 → Sn(1/√c ) be a hypersurface, where Σ is a compact homogeneous
manifold, Sn(1/
√
c ) is the Euclidean n-sphere of curvature c and n 3. Put Mn = (0,+∞)×φ Σ , where
φ(t)=√c t, t ∈ (0,+∞). Given g ∈ Iso(Σ), it is clear that g¯ :M →M defined by g¯(t,X)= (t, g(X)),
is also an isometry of M and G, the set of all g¯, is a compact subgroup of Iso(M) which acts on M with
cohomogeneity one. Defining f :M → Rn+1 to be f (t,X)=√c tF (X), we see that f is a G-cohomo-
geneity one hypersurface. The set f (M) is called cone over F(Σ). It is not hard to see that the type
number of f at (t,X) coincides with that of F at X.
Example 6.2. As a particular case of the last example, if we choose Σ = Sp × Sq and F :Σ →
Sp+q+1(
√
2 ) to be F(X,Y )= (X,Y ), then F has type number equal to p + q. Consider the immersion
of M = (0,+∞)×φ (Sp × Sq) into Rp+q+2, given by
f (t,X,Y )=
√
2
2
t (X,Y ),
where φ(t)=√2 t/2. The type number of f is also p+ q. So f is an hypersurface of G-cohomogene-
ity one unflat at infinity, and the principal orbits of G are umbilical in M . In spite of this, f is not of
revolution, which shows that Theorem 1.6 does not work for a noncomplete M .
Example 6.3. Let V be the vector space of the 3 × 3 real symmetric traceless matrices with the inner
product given by
〈A,B〉 = trA tB = trAB,
where tr denotes the trace functional and tB is the transposed matrix of B .
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F(X)=XA0 tX, A0 =
(1 0 0
0 −1 0
0 0 0
)
.
We consider SO(3) equipped with the metric induced by F . So the left translations of SO(3) are
isometries, and SO(3) becomes a compact homogeneous manifold that immerses isometrically into the
sphere of radius
√
2 of V. Furthermore, the type number of F , relatively to S4(
√
2), at I is 2, that is,
τF (I ) = 2. Hence τF is equal to 2 along SO(3), since SO(3) is homogeneous. From Example 6.1, it
results that
f : (0,+∞)×φ SO(3)→V,
(s,X) → f (s,X)= s√
2
XA0
tX
is an hypersurface of G-cohomogeneity one unflat at infinity, which is not complete and has also type
number 2.
Example 6.4. Let φ,ψ :S1 → R be defined by φ(x, y) = x + 2 and ψ(x, y) = y + 2. Given m,n ∈ N,
the bi-warped product of S1 by the spheres Sm and Sn, with respect to the warping functions φ and ψ , is
constructed by putting in M = S1 × Sm × Sn the metric
〈V,V 〉p = 〈v1, v1〉X + φ2(X)〈v2, v2〉Y +ψ2(X)〈v3, v3〉Z,
where p = (X,Y,Z) ∈M , V = (v1, v2, v3) ∈ TpM and the metrics on the right hand side are those of
S1, Sm and Sn. M equipped with this metric will be indicated by M(m,n) = S1 ×φ Sm ×ψ Sn. Now, given
g ∈ SO(m+ 1) and h ∈ SO(n+ 1), the map
(1× g× h) :M(m,n) →M(m,n),
(X,Y,Z) → (1× g × h)(X,Y,Z)= (X,g(Y ), h(Z))
is an isometry. So the set
G= {1× g× h; (g, h) ∈ SO(m+ 1)× SO(n+ 1)}
is a compact subgroup of Iso(M), and its action on M(m,n) is of cohomogeneity one and has only
principal orbits, which are isometric to product of spheres. Thus the bi-warped product M(m,n) is a
Riemannian manifold of G-cohomogeneity one. Really, M(m,n) is an hypersurface of R2+m+n. In fact,
define f :M(m,n) →R2+m+n to be
f (X,Y,Z)= (φ(X)y1, φ(X)y2, . . . , φ(X)ym+1,ψ(X)z1,ψ(X)z2, . . . ,ψ(X)zn+1),
where Y = (y1, y2, . . . , ym+1) ∈ Sm and Z = (z1, z2, . . . , zn+1) ∈ Sn. We have that f is an isometric
embedding. Hence f is a compact G-cohomogeneity one hypersurface, which is not of revolution. This
occurs because the principal G-orbits are not umbilical in M(m,n).
To end this section, we will present a example which shows that Theorem 1.3 is no longer true, if
n= 3.
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Example 6.4. We have that f is an hypersurface of G-cohomogeneity one unflat at infinity such that the
principal orbits of G have curvature zero, but they are not umbilical in M .
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